Abstract. In 1986 Fumy proposed a simplified approach to calculate inverse discrete Fourier transform (IDFT) using normal bases and its dual in encoding cyclic codes in the spectral domain. Therefore, one important thing in Fumy's procedure is to choose an appropriate normal bases such that the dual bases can be determined easily. This problem leads to an application of weakly self-dual normal bases. In this paper we explain how to construct weakly self-dual normal bases and its type of bases in encoding cyclic codes.
Introduction
Let F q n and F q be finite fields with q n and q elements consecutively. The finite field F q n can be viewed as n dimensional vector space over F q . One important type of bases for F q n is normal bases, i.e. a type of bases of the form {α, α q , α q 2 , . . . , α q n−1 } for some α ∈ F q n , because they are computationally manageable, for example see [1, 9] . Moreover, Fumy [4] proposed to use normal bases in encoding cyclic codes where the codewords considered as spectrum of discrete Fourier transform (DFT) over F q . In particular, Fumy's result involving simplified calculation procedure for inverse discrete Fourier transform (IDFT) using normal bases and its dual bases. Therefore, one important aspect for Fumy's procedure is how to find an appropriate normal bases such that the dual bases can be determined easily. The most likely right answer for that situation is to use weakly self-dual normal bases, because dual bases of this type of bases is nearly the same as itself. Therefore, in this paper we give a procedure to construct weakly self-dual normal bases in finite fields F q n when they exist, and explain how to apply this type of bases in Fumy's procedure.
Construction of Weakly Self-Dual
Normal Bases 
Menezes et al [8] showed that every bases always has a unique dual bases and dual bases for normal bases is again a normal bases.
Definition 2.2 Let
for some α ∈ F q n , be a normal bases for F q n over F q . Bases A is called weakly self-dual if its dual bases is of the form γα π(0) , γα π(1) , . . . , γα π(n−1) for some γ ∈ F q n and some permutation π.
Geiselmann [5] showed that γ = 1 tr(α 0 ) 2 and π(i) = i or π(i) = i + n 2 mod n. Moreover, Liao and Sun [6] proved that for q an odd integer, weakly self-dual normal bases with γ = 1 exist if and only if n is odd integer or n is even integer and −1 is not a quadratic element in F q , and for q an even integer, the latter bases exist if and only if n 0 mod 4.
Let A = {α 0 , α 1 , . . . , α n−1 } be a normal bases for F q n over F q , where α i = α q i , for some α ∈ F q n and for every i = 0, 1, . . . , n − 1. Let Γ = {η 0 , η 1 , ..., η n−1 } ⊂ F q n where η j = n−1 k=0 b jk α k , for all j = 0, 1, . . . , n − 1. From the previous representation with respect to bases A, we have a matrix B = [b jk ] which the j-th row is coordinate of η j with respect to bases A. The following result give the conditions for B so that Γ will be a weakly self-dual normal bases. 
for some γ ∈ F q n , where P π is permutation matrix for permutation π(i) = i or π(i) = i + n 2 mod n. Proof From Theorem 1.6 in [8] , Γ is a normal bases for F q n over F q if and only if B is a non singular circulant matrix. We need to prove the second assertion only. Let
By assumption, we have
Therefore, Γ is a weakly self-dual normal bases.
Let φ be a map from F q n to F q n where φ(α) = α q for all α ∈ F q n . Let G = φ is a cyclic group generated by φ. Define
The following results is a key for construction of weakly self-dual normal bases.
Theorem 2.4 [2] Let n be odd integer and R
then v has an inverse in F q [G] .
ii.ϕ α : v → v −1 • α is one-to-one correspondence beetwen the solution for equation (2) and the set of elements in F q n which generate weakly self-dual normal bases.
Proof see [2] . For n an even integer we have the following theorem.
Theorem 2.5 Let α be normal bases generator for in F q n over F q , and R
ii.ϕ α : v → v −1 • α is one-to-one correspondence beetwen the solution for equation (3) and the set of elements in F q n which generate weakly self-dual normal bases.
Proof Define, λ :
where C(n, q) is the set of all n × n circulant matrices over F q . We can see λ is injective and C 1 = I. Moreover, λ is surjective homomorphism. Therefore, λ is an isomorphism beetwen the set of invertible elements in F q [G] and the abelian group of non singular circulant matrices over F q . Now, note that C R = tr α For every ω ∈ F q n , let [ω] be an n × n matrix with the j-row is the coordinate ω q j with respect to a bases
. If v satisfies (3), then C v is a non singular circulant matrix and C
It follows from Proposition 2. 
The search for v that satisfies (3) leads to the the problem of solving the following system of non linear equations, for n even integer,
and for n odd integer,
One of systematic way to solve (4) or (5) is to make use of Gröbner bases as in [3] . Therefore, we can use the following approach to construct weakly self-dual normal bases.
1 For α a generator for normal bases for F q n over F q , form a system as in (4) or (5).
2 Find the solutions (a 1 , a 2 , . . . , a n ) ∈ F n q for a given system using an approach as in [3] .
Example 2.6 Let α be a normal bases generator for F 3 6 over F 3 , where α is a root of f (x) = x 6 + x 5 + x 2 + x + 1. We have the following corresponding system of non linear equations.
+x 4 x 5 − 1 = 0 and vector (2 1 1 1 0 0) is the solution of the system. Therefore, we have β = α 
Orthogonal Transform Encoding Cyclic Codes
Let C be an [n, k] code over F q and ω ∈ F q n be a primitive n-th root of unity. If GCD(n, q) = 1, choose m such that n|q m − 1. We have for c = (c 0 , c 1 , . . . , c n−1 ) ∈ C, the discrete Fourier transform (DFT) spectra of c is equal to
jk . The code C can be described by DFT spectra of its codewords. If C is a cyclic code, then C is an ideal in
. Now let C be a cyclic code with generator polynomial g(x) = i∈T (x − ω i ), where T ⊂ {0, 1, . . . , n − 1} is a defining set for C, for some g(x)|x n − 1. The polynomial c(x) ∈ F q [x]/(x n − 1) is an element of C if and only if c(ω i ) = 0 for all i ∈ T . The last assertion means that for the DFT spectrum f of a codeword c, we have f i = 0 for all i ∈ T . Any spectrum which is zero in each coordinate i ∈ T and whose inverse discrete Fourier transform (IDFT) is in F q is the spectrum of a codeword and is called codeword in spectral domain. Therefore, encoding a cyclic code via DFT is accomplished by calculating IDFT. Fumy [4] gave the following simplified approach to calculating IDFT using normal bases and its dual. We can make the above approach complete, by involving weakly self-dual bases. Given α generator of normal bases, we construct a weakly self-dual normal bases for 
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Conclusion
We have shown that we can construct weakly self-dual normal bases generator with the solutions of equation (4) or (5) . Moreover, the encoding of cyclic codes using Fumy's approach can be completed in such a way that we make use of weakly self-dual normal bases for undelining finite fields.
